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7KLV VROXWLRQV OHDIOHW IRU WKH ,0& LV VHQW LQ WKH KRSH WKDW LW PLJKW
SURYLGH DOO FRQFHUQHG ZLWK VRPH DOWHUQDWLYH VROXWLRQV WR WKH RQHV
WKH\ KDYH REWDLQHG� ,W LV QRW LQWHQGHG WR EH GHILQLWLYH� 7KH
RUJDQLVHUV ZRXOG EH YHU\ SOHDVHG WR UHFHLYH DOWHUQDWLYHV FUHDWHG
E\�FDQGLGDWHV�

7KH�8.07�LV�D�UHJLVWHUHG�FKDULW\



�� ' ��� + �� × �� × (�� + ��) = �� + �� × �� × �� = �� + ���� = ����

�� $ 7KH�VXP�RI�WKH�LQWHULRU�DQJOHV�RI�D�TXDGULODWHUDO�LV� ��VR�WKH�IRXUWK�DQJOH�LV
�
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(��� í � × ��) ° = ���°

�� ( �����KDV�XQLWV�GLJLW���DQG�VR�LV�D�PXOWLSOH�RI�����������LV�HYHQ��WKH�GLJLW�VXP�RI
��������LV����VR�LW�LV�D�PXOWLSOH�RI��������������LV�HYHQ��6R�LI�H[DFWO\�RQH�RI�WKH
QXPEHUV�LV�SULPH�WKHQ�LW�PXVW�EH������������
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�� & 7ULDQJOH �LV�LVRVFHOHV�ZLWK� �VR� �PQS PS = QS ∠PQS = ∠SPQ = ��°
7KHUHIRUH ��H[WHULRU�DQJOH�WKHRUHP����7ULDQJOH�
LV�DOVR�LVRVFHOHV��ZLWK� ��VR� �

∠PSR = ��° + ��° = ��° PSR
PS = PR ∠PRS = ∠PSR = ��°

�� ' 7KH�)HVWLYDO�ZLOO�QH[W�EH�KHOG�LQ�:RUFHVWHU�LQ�������$V�LW�IROORZV�D�WKUHH�\HDU
F\FOH��WKH�)HVWLYDO�LV�KHOG�LQ�:RUFHVWHU�ZKHQ�WKH�QXPEHU�RI�WKH�\HDU�OHDYHV�D
UHPDLQGHU�RI���ZKHQ�GLYLGHG�E\�����6R�LW�ZLOO�EH�KHOG�LQ�:RUFHVWHU�LQ������������
�����DQG�������EXW�QRW�LQ������

�� % 7KH�QH[W�VXFK�GLVSOD\�ZLOO�EH��������WKDW�LV�LQ����PLQXWHV
�WLPH��

�� & 7KH�GLIIHUHQFH�LQ�SHULPHWHUV�LV�WKH�WRWDO�OHQJWK�RI�WKH�HGJHV�ZKLFK�DUH�KLGGHQ
ZKHQ�WKH�SLHFHV�DUH�ILWWHG�WRJHWKHU��7KHVH�DUH�HLJKW�VWUDLJKW�HGJHV�RI�OHQJWK���DQG
IRXU�VHPLFLUFXODU�DUFV�RI�UDGLXV���
6R�WKH�UHTXLUHG�GLIIHUHQFH�LV� �� × � + � (�� × � × π × �) = � + �π

��� & (YHU\�\HDU��WKH�GD\�RI�WKH�ZHHN�RQ�ZKLFK�D�SDUWLFXODU�GDWH�IDOOV�LV�RQH�GD\�ODWHU
WKDQ�LW�IHOO�WKH�SUHYLRXV�\HDU�XQOHVV�)HEUXDU\���WK�KDV�RFFXUUHG�LQ�WKH�PHDQWLPH�
LQ�ZKLFK�FDVH�LW�IDOOV�WZR�GD\V�ODWHU��$V�-DQXDU\��VW�UHWXUQHG�WR�D�0RQGD\�DIWHU
���\HDUV��LW�PXVW�KDYH�µPRYHG�RQ¶����GD\V�GXULQJ�WKDW�WLPH��VR�)HEUXDU\���WK
RFFXUUHG�WKUHH�WLPHV�LQ�WKRVH����\HDUV�

��� % ,I�WKH�ILUVW�VWDWHPHQW�LV�WUXH��WKHQ�WKH�WKUHH�RWKHU�VWDWHPHQWV�DUH�DOO�IDOVH��,I�WKH
ILUVW�VWDWHPHQW�LV�IDOVH��KRZHYHU��WKHQ�WKH�VHFRQG�VWDWHPHQW�LV�WKH�RQO\�WUXH
VWDWHPHQW��(LWKHU�ZD\��H[DFWO\�RQH�RI�WKH�IRXU�VWDWHPHQWV�LV�WUXH�

��� ' :KHQ�WKH�FXERLG�LV�FXW�DZD\��WKH�VXUIDFH�DUHD�RI�WKH�VROLG�µORVHV¶�WZR�UHFWDQJOHV
PHDVXULQJ����FP�î���FP�DQG�WZR�VTXDUHV�RI�VLGH���FP��+RZHYHU��LW�DOVR�µJDLQV¶
WZR�UHFWDQJOHV�PHDVXULQJ����FP�î���FP��6R�WKH�VXUIDFH�DUHD�GHFUHDVHV�E\�DQ�DUHD
HTXDO�WR�RQH�KDOI�RI�WKH�DUHD�RI�RQH�RI�WKH�IDFHV�RI�WKH�RULJLQDO�FXEH��WKDW�LV�RQH
WZHOIWK�RI�LWV�RULJLQDO�VXUIDFH�DUHD�

��� % /HW�WKH�SULFHV�RI�D�IRUN�KDQGOH�DQG�D�FDQGOH�EH�� �DQG�� �UHVSHFWLYHO\�x y
7KHQ �DQG� ��$GGLQJ�WKHVH�WZR�HTXDWLRQV�JLYHV� �x + y = �.� x − y = �.� �x = ��.�
6R�D�IRUN�KDQGOH�FRVWV�������DQG�D�FDQGOH�FRVWV�������
7KHUHIRUH�WKH��UHTXLUHG�WRWDO�LV���������������� ��������



��� & $GGLQJ�WKH�WKUHH�HTXDWLRQV�JLYHV� ��VR� ��x + �y + �z = �� x + y + z = ��
�The equations may be solved to obtain � � � However, as the
above method shows, this is not necessary in order to find the value of ��

x = � y = � z = �
x + y + z

��� ( 7KH�OLQH� �LQWHUVHFWV�WKH� �D[LV�ZKHQ� �DQG� ��,W�LQWHUVHFWV
WKH �D[LV�ZKHQ� �DQG� ��6R�(�LV�WKH�FRUUHFW�OLQH�

y = �x + � y x = � y = �
x x = −� y = �

�Alternatively� �PD\�EH�UHDUUDQJHG�WR�JLYH� ��6R�WKH
UHTXLUHG�OLQH�ORRNV�WKH�VDPH�DV�WKH�OLQH� �ZKHQ�WKH�D[HV�DUH�GUDZQ�LQ
WKH�WUDGLWLRQDO�ZD\��

y = �x + � x = �
�y − �

y = �
�x − �

��� ( $IWHU �KRXUV��WKH�ILUVW�FORFN�ZLOO�KDYH�JRQH�IRUZDUG� �KRXUV�DQG�WKH�VHFRQG
FORFN�ZLOO�KDYH�JRQH�EDFN� �KRXUV���6R�WKH�QH[W�WLPH�WKH\�DJUHH�LV�ZKHQ

��WKDW�LV�ZKHQ� ���7KH�FRUUHFW�WLPH�WKHQ�LV�������

x �x
x

�x + x = �� x = �

��� $ 7KH�YROXPH�RI�D�F\OLQGHU�RI�UDGLXV� �DQG�KHLJKW� �LV� ���5HSODFLQJ� �E\� �DQG
�E\� �PXOWLSOLHV�WKLV�YROXPH�E\����

r h πr�h r �r
h �h

��� $ /HW�WKH�GLVWDQFH�IURP�WKH�FKDOHW�WR�WKH�WRS�RI�WKH�PRXQWDLQ�EH� �PLOHV��7KHQ��DW
��PSK�6XSHUJUDQ�ZRXOG�WDNH� �KRXUV��ZKHUHDV�DW����PSK�VKH�ZRXOG�WDNH� �KRXUV�

6R ��WKDW�LV� ��VR� ���+HQFH�6XSHUJUDQ
V�GHSDUWXUH

WLPH�LV���DP�DQG�WR�DUULYH�DW����QRRQ�VKH�VKRXOG�ZDON�DW� �PSK��WKDW�LV�� �PSK�
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��� % ,Q�RQH�KRXU��WKH�VQDLO�FDQ�UHDFK�SRLQWV�ZLWKLQ���P�RI�WKH�FRUQHU
DW�ZKLFK�LW�VWDUWV���6R�LW�FDQ�UHDFK�VRPH�RI�WKH�SRLQWV�RQ�WKH
WKUHH�IDFHV�ZKLFK�PHHW�DW�WKDW�FRUQHU��EXW�QRQH�RI�WKH�SRLQWV�RQ
WKH�RWKHU�WKUHH�IDFHV���2Q�HDFK�RI�WKH�WKUHH�UHDFKDEOH�IDFHV��WKH
SRLQWV�ZKLFK�WKH�VQDLO�FDQ�UHDFK�IRUP�D�TXDUWHU�RI�D�FLUFOH�RI
UDGLXV���P�

6R�WKH�UHTXLUHG�IUDFWLRQ�LV� �
� × �

�π × � × �
� × � × �

= π
�

��� ' ,I�WKH�GLIIHUHQFH�EHWZHHQ� �DQG���LV�OHVV�WKDQ����WKHQ� �n � < n < �
7KHUHIRUH ��VR�WKHUH�DUH����SRVVLEOH�YDOXHV�RI� ��� < n < �� n

��� ( 7KH�URRPV�DUH�ODEHOOHG�$��%��&��'��(��)��*��;��<�DV�VKRZQ�
:H�ORRN�ILUVW�DW�URXWHV�ZKLFK�YLVLW�QR�URRP�PRUH�WKDQ�RQFH�
:H�QHHG�FRQVLGHU�RQO\�URXWHV�ZKLFK�JR�IURP�;�WR�$��VLQFH�HDFK
RI�WKHVH�URXWHV�KDV�D�FRUUHVSRQGLQJ�URXWH�ZKLFK�JRHV�IURP�;�WR
&��)RU�H[DPSOH��WKH�URXWH�;�$�'�(�<�FRUUHVSRQGV�WR�WKH�URXWH
;�&�'�*�<�
5RXWHV�ZKLFK�VWDUW�;�$�WKHQ�JR�WR�%�RU�WR�'��7KHUH�DUH�WKUHH�URXWHV�ZKLFK�VWDUW�;
$�%��QDPHO\�;�$�%�(�<��;�$�%�(�'�*�<��DQG�;�$�%�(�'�&�)�*�<��7KHUH�DUH
DOVR�WKUHH�URXWHV�ZKLFK�VWDUW�;�$�'��QDPHO\�;�$�'�(�<��;�$�'�*�<�DQG�;�$�'
&�)�*�<�
7KH�FRQGLWLRQ�WKDW�D�JDS�LQ�D�ZDOO�FORVHV�RQFH�D�SHUVRQ�KDV�WUDYHOOHG�WKURXJK�LW
PHDQV�WKDW�LW�LV�QRW�SRVVLEOH�WR�YLVLW�D�URRP�PRUH�WKDQ�RQFH�XQOHVV�WKDW�URRP�KDV
DW�OHDVW�IRXU�JDSV�OHDGLQJ�LQWR�DQG�RXW�RI�LW�DQG�WKH�RQO\�VXFK�URRP�LV�'���7KHUH



DUH�WZR�URXWHV�ZKLFK�VWDUW�;�$�DQG�YLVLW�'�WZLFH��7KHVH�DUH�;�$�'�*�)�&�'�(�<
DQG�;�$�'�&�)�*�'�(�<��6R�WKHUH�DUH���URXWHV�ZKLFK�VWDUW�;�$�DQG�WKHUH�DUH��
FRUUHVSRQGLQJ�URXWHV�ZKLFK�VWDUW�;�&�VR�WKHUH�DUH����URXWHV�LQ�DOO�

��� ( &XUO\
V�GULQN�KDV�VTXDVK�DQG�ZDWHU�LQ�WKH�UDWLR�������ZKLOVW�WKH�FRUUHVSRQGLQJ
UDWLR�IRU�/DUU\
V�GULQN�LV���������7KLV�UDWLR�LV�OHVV�WKDQ���������:KHQ�VRPH�RI
&XUO\
V�PL[WXUH�LV�SRXUHG�LQWR�/DUU\
V��WKH�VWUHQJWK�ZLOO�EH�EHWZHHQ�������DQG

��EXW�QRW�HTXDO�WR�HLWKHU�� � ��

��� % /HW�WKH�FHQWUH�RI�WKH�FLUFOH�EH� �DQG�OHW� �DQG� �EH�FRUQHUV�RI�RQH
RI�WKH�VKDGHG�VTXDUHV��DV�VKRZQ��$V�WKH�FLUFOH�KDV�DUHD� �XQLWVð��LWV
UDGLXV�LV���XQLW��6R� �LV���XQLW�ORQJ���/HW�WKH�OHQJWK�RI�WKH�VLGH�RI
HDFK�RI�WKH�VKDGHG�VTXDUHV�EH� �XQLWV�

O A B
π

OB
x

%\�3\WKDJRUDV
�7KHRUHP�� ��WKDW�LV� �OB� = OA� + AB� �� = (�x)� + x�
6R ��1RZ�WKH�WRWDO�VKDGHG�DUHD�LV� �XQLWVð��x� = � �x� = � × �

� = ���

A B

O

��� % 7KHUH�LV�WKH�SRVVLELOLW\�RI�XVLQJ�RQO\��V�JLYLQJ�RQH�SRVVLEOH�QXPEHU���������/HW
V
VXSSRVH�D�VHFRQG�GLJLW�LV�XVHG��VD\� ���$IWHU�WKH�LQLWLDO�GLJLW����WKHUH�DUH���SRVLWLRQV
LQWR�ZKLFK�ZH�FDQ�SXW�HLWKHU���RU� ���6R�WKHUH�DUH���FKRLFHV�LQ�HDFK�RI�WKHVH��
SRVLWLRQV�DQG�VR� �SRVVLEOH�FKRLFHV�í�H[FHSW�WKDW�RQH�VXFK�FKRLFH�ZRXOG�EH
ILYH��V���6R�ZH�JHW����FKRLFHV���7KHUH�DUH���SRVVLEOH�YDOXHV�IRU� ��QDPHO\������������
���������������6R�WKLV�JLYHV� �QXPEHUV���7RJHWKHU�ZLWK���������WKLV
JLYHV�����QXPEHUV�

x
x

�� = ��
x

� × �� = ���

��� ' /HW�WKH�OHQJWK�RI�WKH�VLGH�RI�UHJXODU�RFWDJRQ�EH� �XQLWV�DQG�OHW� �
� � � � �EH�WKH�SRLQWV�VKRZQ��6R� ��1RZ

��LQWHULRU�DQJOH�RI�UHJXODU�RFWDJRQ���VR
�DQG�KHQFH�WULDQJOH� �LV�DQ�LVRVFHOHV�ULJKW�

DQJOHG�WULDQJOH�ZLWK� �

x A
B C D E F AC = CE = x
∠ACE = ���°
∠ACB = ��° ABC

AB = BC

F

E
D

CB
A

$OVR��E\�3\WKDJRUDV
�7KHRUHP�� �VR� �AB� + BC� = AC� = x� AB = BC = �
� x

6LPLODUO\� �EF = �
� x

7KHUHIRUH BF = ( �
� x + x + �

� x) XQLWV = x (� + �) XQLWV .
%XW�ZH�DUH�JLYHQ�WKDW� �XQLWV�VR� �BF = (� + �) x = �
1RZ�WKH�DUHD�RI�WKH�RFWDJRQ�IRUPHG�E\�WKH�RYHUODS�RI�WKH�VTXDUHV�LV�HTXDO�WR�WKH
DUHD�RI�RQH�RI�WKHVH�VTXDUHV�PLQXV�WKH�VXP�RI�WKH�DUHD�RI�IRXU�WULDQJOHV��HDFK�RI
ZKLFK�LV�FRQJUXHQW�WR�WULDQJOH� �CDE
7KXV��LQ�VTXDUH�XQLWV��WKH�UHTXLUHG�DUHD�LV

(� + �)� − � × �
�

× �
�

× �
�

= � + � � − � = � + � �.


